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Abstract
Composite power system reliability evaluation refers to assessment that considers both, generation and transmission facilities. The conventional dc load flow-based crisp linear programming (CLP) model used in composite power system reliability evaluation is modified as
a fuzzy linear programming (FLP) model including fuzzy constraints and objective functions. This fuzzy linear programming model can
include uncertainties that exist in certain variables and overcome the limitations of minor constraint violations in crisp linear programming
model. This fuzzy optimization model is employed to test the system outage contingencies and to determine the degree of difficulty due to
these contingencies. Fuzzy-based adequacy indices are obtained after all the selected contingencies have been analyzed using contingency
enumeration approach. The effectiveness of the developed model is tested on the IEEE-14 bus system.
Keywords: Composite power system reliability; Contingency enumeration approach; dc load flow; Fuzzy linear programming; Fuzzy number; Adequacy index
1. Introduction
The conventional dc flow-based crisp linear programming
(CLP) model [1] used in composite system reliability evaluation method is formulated as an optimization problem with
crisp constraints. The CLP is often insufficient in real life
situation. In reality, certain coefficients that appear in CLP
problems may not be assessed precisely or only qualitative
estimates of these coefficients are available. In addition, the
given fixed values of constraint limits have to be met all the
times. Any violation of a single constraint by even a small
amount renders the solution infeasible or it may lead to overconservative solutions. In many of the real life problems,
there are situations where small violations of these limits are
sometimes acceptable. In this regard, the constraints may be
classified either as ‘hard’ or ‘soft’. For example, generation
output is a ‘hard’ constraint whereas transmission line flow
is a ‘soft’ one. Fuzzy linear programming (FLP) [2] is an
extension of CLP and deals with such imprecise coefficients
and ‘soft’ constraints by using fuzzy variables. In fuzzy environment, the decision maker could accept small violations
of the constraints and attach different degrees of importance
to the violations of different constraints.
Saraiva et al. [3] use fuzzy numbers to define loads in
composite power system reliability evaluation using MonteCarlo simulation. The authors propose a set of new indices
reflecting the integration of probabilistic models and fuzzy
concepts and discuss the application of variance reduction
techniques (a simulation approach) if fuzzy numbers define
loads. Saraiva and Sousa [4] extend this work with some new
developments. The two main new developments are: fuzzy
load duration curve and modeling of failure and repair rates
using trapezoidal fuzzy number (TrFN). Saman and Singh
[5] develop a Genetic Algorithm-based method for composite system state evaluation where the system constraints are
represented by fuzzy membership functions. Choi et al. [6]
propose a new fuzzy effective load duration curve (ELDC)
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model for reliability evaluation of composite power system
using fuzzy set theory considering the flexibility and ambiguity of capacity limitation and over load of transmission lines
which are subjective matter characteristics. A number of papers on bibliographic review of the applications of fuzzy set
theory in power systems are found in literature [7–10].
In the present study, the conventional dc load flow-based
CLP model is modified into a FLP model including fuzzy
constraints and fuzzy objective functions. The FLP is then
converted into an equivalent crisp optimization model using
the concept of fuzzy mathematical programming [2]. The developed equivalent crisp optimization model is used in contingency enumeration approach to evaluate adequacy indices
[11]. The effectiveness of the developed model is tested using a 14-bus system and the results are compared with the
conventional one.
2. Formulation of fuzzy optimization model
The conventional dc flow-based CLP model used in
composite power system reliability evaluation is converted
into a FLP model including fuzzy constraints and objective functions. Using fuzzy sets, membership functions are
It is to be noted here that when the membership functions
are defined, certain percentage values are needed to obtain
the range of the fuzzy parameters at minimum and maximum
degrees of membership grades. These percentage values are
sometimes assumed or obtained from expert’s opinion. In Eq.
(1), s represents such a percentage value.
2.2. Membership function of fuzzy capacity of
transmission line
Small violations of transmission flow limits may be acceptable during stressed situations of the power systems.
There are usually two flow limits for each transmission line,
namely normal and emergency limits [12]. When there is
a real need, sometimes, system operator is forced to violate the normal limits and allowed to operate the system
within emergency limits, keeping in mind the economical
operation of the system. However, the emergency limits
can never be violated. The conventional crisp optimization
model fails to incorporate such a situation in the formulation. Fuzzy set theory has the capability to deal with such
situations.
In this study, transmission line flow limits are represented
using a trapezoidal fuzzy number (TrFN). The membership
function is defined below:
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Here, p represents the percentage value similar to s as in Eq.
(1).
defined for system loads, transmission line flow constraints,
load curtailments and objective function. Then inequality
constraints, equality constraints and bounds on fuzzy variables are formulated. The model also includes the crisp
constraints. The proposed fuzzy optimization model is developed in a systematic manner in the following subsections.
2.1. Membership function of fuzzy load
Triangular fuzzy number (TFN) is used to represent fuzzy
load. The membership function is defined below:
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2.3. Membership function of load curtailment
The amount of load curtailment from a bus depends upon
the load available on that bus. Load curtailment from a bus
will be fuzzy because the load is fuzzy.
The membership function of load curtailment is defined
in Eq. (3).
 (1 + s)d − x
(1 + s)d − x

, d ≤ x ≤ (1 + s)d

 (1 + s)d − d =
sd
Mr (x)=
1,
x≤d



0,
x > (1 + s)d
(3)
2.4. Membership function of objective function
The present study concentrates on determination of ‘crisp
maximizing solution’ [2] based on fuzzy constraints and
fuzzy objective function. Before proceeding to define mem-
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bership function of objective function for minimization of
system load curtailment, limits of this fuzzy variable are to
be fixed. The user may define these limits based on his experience or else evaluate by solving a CLP (Eq. (4)) at minimum
and maximum values of the constraints.
min Z =
rk
(4)
k
represents the degree of satisfaction or membership grade
such that
λ = min(MZ , Md1 , . . . , Mdi , Mf1 , . . . , Mfj , Mr1 , . . . , Mri )
which is equivalent to
λ ≤ MZ , λ ≤ Md1 , . . . , λ ≤ Mdi , λ ≤ Mf1 , . . . ,
λ ≤ Mfj , λ ≤ Mr1 , . . . , λ ≤ Mri
subject to
(7)
0 ≤ [R] ≤ [D]
where M represents membership grade function for the fuzzy
variables, objective function (Z), load demand (di ), transmission line flow (fj ) and load curtailment (ri ) as indicated in the
subscripts of Eq. (7).
The problem is then to maximize λ to which all the constraints (including objective function constraint) are satisfied.
That is achieved by solving the following equivalent crisp optimization problem after substituting Eqs. (1–3) and (5) in Eq.
(7):
[−Fmax ] ≤ [F ] ≤ [Fmax ]
Maximize λ
The optimal solution, Zmin , is obtained by solving Eq. (4) and
Zmax is obtained by replacing [D] and [Fmax ], in Eq. (4), by
[(1 + s)D] and [(1 + p)Fmax ], respectively. The membership
function of the objective function is defined using optimal
solutions Zmin and Zmax as follows:

Zmax − x

min < x < Zmax


 Zmax − Zmin , Z
MZ (x) =
(5)
1,
x ≤ Zmin




0,
x ≥ Zmax
subject to
[S][F ] + [G] + [R] = [D]
[F ] − [Y][S T ][Θ] = 0
[Gmin ] ≤ [G] ≤ [Gmax ]
2.5. The proposed model
The proposed FLP model is expressed below in the form
of linear equations using fuzzy notations:
min Z̃ =
(6)
rk
k
subject to
Sij fj + gi + ri ∼
= d̃i
j
p
q
fj − γj (θj − θj ) = 0
gimin ≤ gi ≤ gimax
(8)
Inequality constraints:
λ(Zmax − Zmin ) +
ri ≤ Zmax


λsdi − 
Sij fj + gi + ri  ≤ −(1 − s)di
j

λsdi + 

Sij fj + gi + ri  ≤ (1 + s)di
j
λpfjm + fj ≤ (1 + p)fjm
λpfjm − fj ≤ (1 + p)fjm
λsdi + ri ≤ (1 + s)di
−ri ≤ 0
Equality constraints:
p
q
fj − γj (θj − θj ) = 0
Bounds:
0≤λ≤1
gimin ≤ gi ≤ gimax
The crisp optimal solution (maximizing solution) is obtained by solving the above linear programming problem at
maximum value of λ.
3. Reliability evaluation methodology
˜ j ≤f
˜ jmax
−fjmax ≤f
The proposed methodology will follow all the basic steps
of contingency enumeration approach. Computational procedures for reliability evaluation using the proposed models
are given in the following sequential order:
The notation ‘∼’ is used to represent fuzzy objective function,
fuzzy equality and inequality constraints.
An equivalent crisp optimization model is developed using
fuzzy mathematical programming. Consider a variable λ that
(a) Selection of a contingency level.
(b) Selection of a contingency within that level.
(c) Implementation of the developed equivalent crisp optimization model for testing and evaluation of the
˜ i
0 ≤ ri ≤d
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Table 1
Load point reliability indices of IEEE-14 bus system using CLP and FLPa
Bus number
2
3
4
5
6
9
10
11
12
13
14
a
Probability
Frequency
CLP
FLP
CLP
FLP
CLP
FLP
0.000000
0.000005
0.000002
0.000000
0.000008
0.000005
0.000008
0.000008
0.000009
0.000007
0.000009
0.000000
0.000005
0.000002
0.000000
0.000008
0.000005
0.000008
0.000008
0.000009
0.000007
0.000009
0.000000
0.008322
0.004224
0.000000
0.004580
0.000485
0.004315
0.005407
0.006113
0.003571
0.007348
0.000000
0.008322
0.004224
0.000000
0.004580
0.000485
0.004315
0.005407
0.006113
0.003571
0.007348
0.0000
1.9989
0.0897
0.0000
0.2874
0.2288
0.2630
0.1463
0.2590
0.2710
0.6068
0.0000
1.9191
0.0550
0.0000
0.2498
0.3254
0.2147
0.1114
0.2110
0.2215
0.5731
s = 10% and p = 10%.
Table 2
System reliability indices of IEEE-14 bus system using CLP and FLPa
System indices
CLP
FLP
BPSD
BPII (MW/MW year)
BPECI (MW min/MW year)
MBPECI
0.044365
0.002320
0.961574
0.000002
0.044365
0.002184
0.899043
0.000002
a
(d)
(e)
(f)
(g)
EENS (MWh)
ages and first-level generation and transmission line outages
are considered in this paper.
4.1. Calculation of indices at given peak load level and
generation
Initially, assuming s = 10% and p = 10%, the load point
reliability indices, probability, frequency and EENS and the
system indices, bulk power supply disturbance (BPSD), bulk
power interruption index (BPII), bulk power energy curtailment index (BPECI) and modified BPECI (MBPECI), are
calculated using conventional CLP and the developed FLP
model for the given base peak load level of 259 MW. The
results are presented in Tables 1 and 2, respectively. It is
seen in Table 1 that the probability and frequency of failure of all the load buses are identical whereas the EENS
values that obtained using the proposed FLP model are
slightly deviated from the original values. This is due to
the fact that load curtailed from the buses is different. In
this study, loads are allowed to curtail according to the optimal solutions given by the optimization programme. An
appropriate load curtailment policy can be adopted as per
the requirement of the systems. For example, if the curtailed load is evenly distributed among all the load points
in proportion to the load demand, then the EENS values
will be different from the above. Similarly, the system reliability indices are slightly decreased, as shown in Table 2,
when the FLP model is used. The impact of the proposed
model on IEEE-14 bus system is not very significant due
s = 10% and p = 10%.
selected contingency to obtain the amount of load
curtailment values at all load buses. If the summation of load curtailments is zero, next contingency
is to be selected, otherwise, the next step is to be
followed.
Calculation of probability and frequency of occurrence
of the selected outage contingency.
Implementation of an appropriate load curtailment policy.
Evaluation of annualized load point and system reliability indices using probability, frequency and load curtailment values of each contingency.
Repetition of steps ((b)–(f)) for all the contingencies and
accumulation of results.
4. Case study
The effectiveness of the proposed methodology is tested
using the 14-bus IEEE system [13]. Contingencies up to thirdlevel generation outages, second-level transmission line outTable 3
Comparison of system reliability indices for IEEE-14 bus system
Generation and load
increase factor
BPSD
BPII
BPECI
CLP
FLP
CLP
FLP
CLP
1.0
1.1
1.2
1.3
1.4
1.5
0.044365
0.063541
7.412736
7.552263
20.894037
54.511791
0.044365
0.062642
1.783660
1.830155
8.984726
14.732725
0.002320
0.002743
0.066996
0.203009
0.324852
0.491061
0.002184
0.002569
0.006805
0.022655
0.039933
0.094632
0.961574
1.150052
167.820307
511.388773
815.284724
1153.957864
MBPECI
FLP
0.899043
1.071598
14.622246
50.809190
88.029363
150.630820
CLP
FLP
0.000002
0.000002
0.000319
0.000973
0.001551
0.002196
0.000002
0.000002
0.000028
0.000097
0.0000167
0.0002870
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Fig. 1. Comparison of the number of load curtailed contingencies with increased generation and load demand.
to strong transmission and generation facilities of the system.
4.2. Calculation of indices at increased load and
generation
Another study has been conducted with the given system
while generation and load demand are increased in proportion
to their base values. System adequacy indices are calculated
at various generation and load levels using both CLP and
FLP model and comparisons are made in Table 3. The value
of the indices calculated using FLP model is lower than the
indices calculated using CLP model at an increased load and
generation level. All the system indices are decreased while
the proposed FLP model is used in contingency enumeration
approach to calculate reliability of the IEEE-14 bus system.
The comparison of the number of load curtailed contingencies with increased generation and load demand is presented
in Fig. 1.
Fig. 2. Variation of BPSD with s (p constant).
Fig. 3. Variation of BPII with s (p constant).
Fig. 4. Variation of BPECI with s (p constant).
4.3. Effect of s and p on indices
As explained in Sections 2.1 and 2.2, s and p are considered as certain percentage values to define membership grade
functions of the input fuzzy variables. To examine the impact
of s and p on system reliability indices, the following studies
are conducted using IEEE-14 bus system:
• evaluation of indices by varying s, assuming p constant;
• evaluation of indices by varying p, assuming s constant.
In this particular study, an assumption is made that
the generation and load demands are 150% of their base
values. Variation of the system indices (BPSD, BPII and
BPECI) with s is illustrated in Figs. 2–4, respectively.
Similarly, the variation of the indices with p is illustrated in
Figs. 5–7.
The numbers of load curtailed contingencies versus s
while p is constant are plotted in Fig. 8.
4.4. Effect of s and p on satisfaction level
When the proposed FLP model is employed in contingency enumeration approach for testing the outage contin-
Fig. 5. Variation of BPSD with p (s constant).
Fig. 6. Variation of BPII with p (s constant).
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5. Conclusion
Fig. 7. Variation of BPECI with p (s constant).
Fig. 8. Comparison of the number of load curtailed contingencies.
gencies, the optimal solutions are the amount of curtailed
load at all the load buses for each contingency at maximum
degree of satisfaction as indicated in Eq. (8). Table 4 presents
the higher, lower and average values of maximum membership grades or the maximum degree of satisfaction of the
entire load curtailed contingencies for the given system peak
load level and generation. These are calculated for various
values of s and p. Similarly, Table 5 presents the same for
increased load level and generation. In this case, the load and
the generation are increased up to 150% of the given system
peak load level and generation. It is seen from Tables 4 and 5
that the values of maximum degree of satisfaction decrease
when s increases for constant p. In case of increased load
and generation, satisfaction levels are higher for most of the
cases.
In this paper, a dc load flow-based fuzzy optimization
model is proposed. The model is used in contingency enumeration method of composite system reliability for evaluating the outage contingencies of the system. Fuzzy-based
load point and system reliability indices are calculated for
an IEEE-14 bus system using the proposed model and the
conventional dc load flow-based linear programming model.
Various studies have been conducted to examine the effect
of increased load and generation on reliability indices. Effect of fuzzy parameters on the reliability indices and on
the satisfaction levels has also been studied. The effects are
quite significant while load demand and generation capacities are increased in proportion to the given system peak load
level and generation capacities. The flexibility in considering crisp system parameters, such as load and transmission
line flow, as fuzzy parameters helps to study a system with
uncertain loading conditions and transmission flow. The decision maker could accept small violations of the constraints
and attach different degrees of importance to the violations
of different constraints.
Appendix A. List of symbols
d
s, p
fm
rk
[S]
[ST ]
[Y]
[Θ]
[F]
[Fmax ]
[G]
load demand at buses
percentage values
normal limit of transmission line flow
load curtailment at bus k
node–branch incidence matrix
transpose of S
diagonal matrix of circuit susceptances
column matrix; elements represent bus angles
column matrix; elements represent line flows
column matrix; elements represent line flow limits
column matrix; elements represent generation of
buses
Table 4
Comparison of satisfaction levels at given peak load level and generation
s
0.05
0.10
0.15
p = 0.05
p = 0.10
p = 0.15
Lower
Higher
Average
Lower
Higher
Average
Lower
Higher
Average
0.5000
0.5000
0.5000
0.9727
0.7363
0.6432
0.7338
0.6172
0.5670
0.5000
0.5000
0.5000
1.0000
0.9727
0.8151
0.8070
0.7338
0.6560
0.5000
0.5000
0.5000
1.0000
1.0000
0.9727
0.7857
0.7928
0.7338
Table 5
Comparison of satisfaction levels at increased peak load level and generation (150% of the base values)
s
0.05
0.10
0.15
p = 0.05
p = 0.10
p = 0.15
Lower
Higher
Average
Lower
Higher
Average
Lower
Higher
Average
0.5000
0.5000
0.4652
0.9952
0.7402
0.6569
0.9146
0.6988
0.6272
0.5000
0.5000
0.5000
1.0000
0.9952
0.8161
0.9848
0.9145
0.7640
0.5000
0.5000
0.5000
1.0000
1.0000
0.9952
0.9832
0.9808
0.9144
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[Gmin ]/[Gmax ] column matrix; elements represent minimum/maximum generation of buses
[R]
column matrix; elements represent load curtailment
at buses
[D]
column matrix; elements represent demand at buses
BPSD bulk power supply disturbance
BPII
bulk power interruption index (MW/MW year)
BPECI bulk
power
energy
curtailment
index
(MW min/MW year)
MBPECI modified BPECI
[5]
[6]
[7]
[8]
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